Introduction {#Sec1}
============

The stability theory for linear nonautonomous differential equations has its origin in A.M. Lyapunov's celebrated PhD Thesis \[[@CR20]\], where he introduces characteristic numbers, so-called *Lyapunov exponents*, which are given by accumulation points of exponential growth rates of individual solutions. It is well-known that in case of negative Lyapunov exponents, the stability of nonlinearly perturbed systems is not guaranteed without an additional regularity condition.

In the 1970s, R.S. Sacker and G.R. Sell developed the Sacker--Sell spectrum theory for nonautonomous differential equations. In contrast to the Lyapunov spectrum, the Sacker--Sell spectrum is not a solution-based spectral theory, but rather is based on the concept of an exponential dichotomy, which concerns uniform growth behavior in subspaces and extends the idea of hyperbolicity to explicitly time-dependent systems. If the Sacker--Sell spectrum lies left of zero, then the uniform exponential stability of nonlinearly perturbed systems is guaranteed.

It was shown in \[[@CR22]\] that the regularity condition on Lyapunov exponents can be more robustly replaced by a nonuniform exponential dichotomy. Here the nonuniformity refers to time, and in contrast to that, so-called Bohl exponents, introduced by Bohl \[[@CR11]\], measure exponential growth along solutions uniformly in time. Bohl exponents have been studied extensively in the literature \[[@CR14]\], and current research focuses on applications to differential-algebraic equations and control theory \[[@CR2], [@CR10], [@CR17], [@CR19], [@CR30]\], and parabolic partial differential equations \[[@CR23]\]. In this paper, we develop the Bohl spectrum as union of all possible Bohl exponents of a nonautonomous linear differential equation on a half line. We show that the Bohl spectrum lies between the Lyapunov and the Sacker--Sell spectrum and that the Bohl spectrum is given by the union of finitely many (not necessarily closed) intervals. Each Bohl spectral interval is associated with a linear subspace, leading to a filtration of subspaces which is finer than the filtration obtained by the Sacker--Sell spectrum.

We show by means of an explicit example that the Bohl spectrum can be a proper subset of the Sacker--Sell spectrum even if the system is bounded. We analyze in detail situations in which the Bohl spectrum is identical to the Sacker--Sell spectrum, and in particular, we obtain this for bounded diagonalizable systems, integrally separated systems, and systems with Sacker--Sell point spectrum. The fact that the Bohl and Sacker--Sell spectra coincide for diagonalizable systems shows that the Bohl spectrum mainly gives information about the asymptotic behaviour of individual solutions whereas the Sacker--Sell also embodies information about the relation between different solutions, in particular, whether or not the angle between solutions is bounded below by a positive number. An interesting problem in this context is to give necessary and sufficient conditions that the Bohl and Sacker--Sell spectra coincide.

The example referred to above shows that the Sacker--Sell spectrum can extend past zero even when the Bohl spectrum is given by a negative number. We demonstrate for this example that any higher-order nonlinear perturbation is exponentially stable, although this is not evident from the Sacker--Sell spectrum. In the last section of this paper, we discuss an example with negative Bohl spectrum such that for a certain nonlinear perturbation, the perturbed system is unstable. This means that it is not possible to prove in general that if the Bohl spectrum lies to the left of zero, then any higher-order nonlinear perturbation is exponentially stable. In a forthcoming paper, we will provide additional conditions on the nonlinearities which give a positive answer to this question, even in situations where the Sacker--Sell spectrum intersects the positive half axis.

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we provide basic material on the Lyapunov and Sacker--Sell spectrum, and in Sect. [3](#Sec3){ref-type="sec"}, we introduce the Bohl spectrum. Section [4](#Sec4){ref-type="sec"} is devoted to prove the Spectral Theorem, which says that the Bohl spectrum is given by the union of finitely many intervals. We compare the Bohl spectrum and the Sacker--Sell spectrum in Sect. [5](#Sec5){ref-type="sec"}, and we discuss nonlinear perturbations to linear systems with negative Bohl spectrum in Sect. [6](#Sec8){ref-type="sec"}.

Lyapunov and Sacker--Sell Spectrum {#Sec2}
==================================

In this section, we review the definition and basic properties of the two main spectral concepts for nonautonomous differential equations: the Lyapunov spectrum and the Sacker--Sell spectrum.

We consider a linear nonautonomous differential equation of the form$$\documentclass[12pt]{minimal}
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The Lyapunov spectrum describes asymptotic growth of individual solutions of ([1](#Equ1){ref-type=""}).

**Definition 1** {#FPar1}
----------------
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It is well-known \[[@CR1], [@CR6]\] that there exist $\documentclass[12pt]{minimal}
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**Definition 2** {#FPar2}
----------------
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The range of the projector *P* of an exponential dichotomy is called the *pseudo-stable space*, and the null space of the projector *P* is called a *pseudo-unstable space*. Note that in contrast to the pseudo-unstable space, the pseudo-stable space is uniquely determined for exponential dichotomies on $\documentclass[12pt]{minimal}
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**Definition 3** {#FPar3}
----------------

(*Sacker--Sell spectrum*) The *Sacker--Sell spectrum* of the linear differential equation ([1](#Equ1){ref-type=""}) is defined by$$\documentclass[12pt]{minimal}
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The Sacker--Sell spectrum was introduced by Sacker and Sell in \[[@CR28]\] for skew product flows with compact base. It was generalized to nonautonomous dynamical systems with not necessarily compact base in \[[@CR3], [@CR29]\] and for systems defined on a half-line in \[[@CR27]\].

The Spectral Theorem (see \[[@CR18], [@CR27]\] for the half-line case) describes the structure of the dichotomy spectrum.

**Theorem 4** {#FPar4}
-------------

(Sacker--Sell Spectral Theorem) For the linear differential equation ([1](#Equ1){ref-type=""}), there exists a $\documentclass[12pt]{minimal}
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Note that the linear space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {W}}_i$$\end{document}$ is the pseudo-stable space of the exponential dichotomy with any growth rate taken from the spectral gap interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b_i, a_{i+1})$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{1,\dots ,k-1\}$$\end{document}$.

The following result on Sacker--Sell spectra of upper triangular systems follows from \[[@CR9]\]. Note that such a statement is only true in the half-line case and does not hold for Sacker--Sell spectra on the entire time axis as demonstrated in \[[@CR9]\].

**Proposition 5** {#FPar5}
-----------------

(Sacker--Sell spectrum of upper triangular systems) Suppose that the linear differential equation ([1](#Equ1){ref-type=""}) is upper triangular, i.e. $\documentclass[12pt]{minimal}
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*Remark 6* {#FPar6}
----------

Note that the representation ([2](#Equ2){ref-type=""}) does not hold if the diagonal elements of the matrix *A*(*t*) are unbounded. As a counter example consider the one-dimensional system$$\documentclass[12pt]{minimal}
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The Bohl Spectrum {#Sec3}
=================

We first define the Bohl spectrum for each solution of ([1](#Equ1){ref-type=""}). The Bohl spectrum of ([1](#Equ1){ref-type=""}) is then the union over the Bohl spectra of the solutions.

**Definition 7** {#FPar7}
----------------
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*Remark 8* {#FPar8}
----------

\(i\) By Definition [1](#FPar1){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
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\(iii\) The definition of Bohl spectrum is independent of the norm in $\documentclass[12pt]{minimal}
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\(iv\) A different definition of a Bohl spectrum for discrete systems depending on certain invariant splittings was proposed in \[[@CR25], Definition 3.8.1\], and another spectrum between the Lyapunov and Sacker--Sell spectrum based on nonuniform exponential dichotomies was introduced in \[[@CR12]\].
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**Proposition 9** {#FPar9}
-----------------
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*Proof* {#FPar10}
-------
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**Proposition 10** {#FPar11}
------------------
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*Proof* {#FPar12}
-------
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*Remark 11* {#FPar13}
-----------

We demonstrate that the common Bohl spectrum of the solution $\documentclass[12pt]{minimal}
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Spectral Theorem {#Sec4}
================

We prove in this section that the Bohl spectrum of a locally integrable linear nonautonomous differential equation consists of at most finitely many intervals, the number of which is bounded by the dimension of the system, and we associate a filtration of subspaces to these spectral intervals.

**Theorem 12** {#FPar14}
--------------
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-------
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Next, we concentrate on constructing an example of a nonautonomous differential equation such that its Bohl spectrum is not closed. Our construction is implicit by using a result from \[[@CR4]\]:

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}_d$$\end{document}$ denote the set of all piecewise continuous and uniformly bounded matrix-valued functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A:\mathbb {R}_0^+\rightarrow \mathbb {R}^{d\times d}$$\end{document}$. For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\in {\mathcal {M}}_d$$\end{document}$, consider the linear nonautonomous differential equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{x}=A(t)x\,. \end{aligned}$$\end{document}$$Consider the *uniform upper exponent function* of ([13](#Equ13){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\beta }_A:\mathbb {R}^{d}\setminus \{0\}\rightarrow \mathbb {R}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\beta }_A(\xi )$$\end{document}$ is the upper Bohl exponent of the solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X(t)\xi $$\end{document}$ of ([13](#Equ13){ref-type=""}). A complete description of the set of functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{{\mathcal {B}}}_d:=\{\overline{\beta }_A: A\in {\mathcal {M}}_d\}$$\end{document}$ is given as follows (see \[[@CR4], Theorem 1\]).

**Theorem 13** {#FPar16}
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The following example shows that the intervals of the Bohl spectrum do not need to be closed.

*Example 14* {#FPar17}
------------
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In the remaining part of this section, we show that Bohl spectrum is preserved under a kinematic similarity transformation. Recall that a linear nonautonomous differential equation$$\documentclass[12pt]{minimal}
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**Proposition 15** {#FPar18}
------------------
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-------
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Bohl and Sacker--Sell Spectrum {#Sec5}
==============================

This section is devoted to the comparison of the Bohl spectrum with the Sacker--Sell spectrum. Note that the one-dimensional example discussed in Remark [6](#FPar6){ref-type="sec"} is an unbounded system for which the both spectra do not coincide, since the Bohl spectrum of this differential equation is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\{-\infty \}$$\end{document}$. It follows also directly from Example [14](#FPar17){ref-type="sec"} that the Bohl spectrum does not always coincide with the Sacker--Sell spectrum, since the Sacker--Sell spectrum consists of closed intervals. In this section, we give an explicit example of a bounded two-dimensional system for which the Sacker--Sell spectrum is a nontrivial interval and the Bohl spectrum is a single point. We also show that the Bohl spectrum is always a subset of the Sacker--Sell spectrum, and we provide sufficient conditions under which both spectra coincide.

The Bohl Spectrum Can Consist of One Point, When the Sacker--Sell Spectrum is a Non-trivial Interval {#Sec6}
----------------------------------------------------------------------------------------------------
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### **Proposition 16** {#FPar20}
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Before proving the above proposition, we need the following lemma.

### **Lemma 17** {#FPar21}
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### *Proof* {#FPar22}
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### *Proof of Proposition 16* {#FPar23}
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Coincidence of the Bohl and Sacker--Sell Spectrum in Special Cases {#Sec7}
------------------------------------------------------------------

We first show that the Bohl spectrum is a subset of the Sacker--Sell spectrum. We then show that the two spectra coincide when the Sacker--Sell spectral intervals are singletons. Finally, we show that the Bohl and Sacker--Sell spectra coincide for bounded diagonalizable, and hence, bounded integrally separated systems.
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### **Lemma 18** {#FPar24}
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### *Proof* {#FPar25}
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We first use this lemma to show that the Bohl spectrum is a subset of the Sacker--Sell spectrum. As a consequence, the filtration corresponding to the Bohl spectrum is finer than the filtration corresponding to Sacker--Sell spectrum.

### **Theorem 19** {#FPar26}
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### **Theorem 20** {#FPar28}

(Bohl and Sacker--Sell spectra of diagonalizable systems) Suppose that the bounded linear nonautonomous differential equation ([1](#Equ1){ref-type=""}) is *diagonalizable*, i.e. it is kinematically similar to a (nonautonomous) diagonal system. Then the Bohl and Sacker--Sell spectrum of ([1](#Equ1){ref-type=""}) coincide. In particular, both spectra coincide for bounded one-dimensional systems.

### *Proof* {#FPar29}
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### *Remark 21* {#FPar30}

Proposition [16](#FPar20){ref-type="sec"} and Theorem [20](#FPar28){ref-type="sec"} also show that the Bohl spectrum of a bounded upper triangular system is, in general, not equal to that for the diagonal part, unlike the situation for the Sacker--Sell spectrum in the bounded half-line case (see also Proposition [5](#FPar5){ref-type="sec"}). However the Bohl spectrum of the triangular system is a subset of the Sacker--Sell spectrum (see Theorem [19](#FPar26){ref-type="sec"} above), which equals the Sacker--Sell spectrum of the diagonal part, and the Sacker--Sell spectrum of the diagonal part coincides with its Bohl spectrum (see Theorem [20](#FPar28){ref-type="sec"} above). We conclude that for bounded systems, the Bohl spectrum of an upper triangular system is a subset of the Bohl spectrum of its diagonal part.

The linear nonautonomous differential equation ([1](#Equ1){ref-type=""}) is said to be *integrally separated* if there are *d* independent solutions $\documentclass[12pt]{minimal}
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We now prove using the previous theorem that the Bohl and Sacker--Sell spectra coincide for bounded integrally separated systems. This means also that the Bohl spectrum depends continuously on parameters for such systems.

### **Corollary 22** {#FPar31}

Suppose that system ([1](#Equ1){ref-type=""}) is integrally separated, and *A*(*t*) is bounded in $\documentclass[12pt]{minimal}
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### *Proof* {#FPar32}

By Bylov's Theorem \[[@CR1], Theorem 5.3.1, p. 149\], the linear system ([1](#Equ1){ref-type=""}) is kinematically similar to a bounded diagonal system$$\documentclass[12pt]{minimal}
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### *Remark 23* {#FPar33}

The boundedness assumption of *A*(*t*) in the above corollary is needed, since there exists an unbounded integrally separated system which is not diagonalizable such that its Bohl spectrum and and its Sacker--Sell spectrum are different. Consider the system $\documentclass[12pt]{minimal}
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### **Corollary 24** {#FPar34}

(Coincidence is generic) The Bohl spectrum and the Sacker--Sell spectrum coincide generically for bounded linear nonautonomous differential equations.

We demonstrate by means of a counterexample that the Bohl spectrum in not even upper semi-continuous in general with perturbations to the right-hand side in the $\documentclass[12pt]{minimal}
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### **Corollary 25** {#FPar35}

(Discontinuity of the Bohl spectrum) The mapping $\documentclass[12pt]{minimal}
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### *Proof* {#FPar36}

Consider the linear system ([20](#Equ20){ref-type=""}), and for $\documentclass[12pt]{minimal}
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Suppose the Sacker--Sell spectrum consists of points. Then by Theorem [19](#FPar26){ref-type="sec"}, the Bohl spectrum consists of points. We still need to prove each point in the Sacker--Sell spectrum is also in the Bohl spectrum. This follows from the next lemma.

### **Lemma 26** {#FPar37}

Let \[*a*, *b*\] be a spectral interval of the Sacker--Sell spectrum of the linear nonautonomous differential equation ([1](#Equ1){ref-type=""}). Then there exists a solution whose Bohl spectrum is contained in \[*a*, *b*\].

### *Proof* {#FPar38}
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### **Corollary 27** {#FPar39}

If the Sacker--Sell spectrum consists of points, then it coincides with the Bohl spectrum.

### *Remark 28* {#FPar40}

Each component of the Sacker--Sell spectrum contains points of the Bohl spectrum. One may ask how many components of the Bohl spectrum can there be in a Sacker--Sell spectral interval. For a bounded integrally separated system, the answer is one since the two spectra coincide. For bounded systems in two dimensions, that leaves us with the case where the Sacker--Sell spectrum is one interval, and the system is not integrally separated. Then if the Bohl spectrum had two components, we would have two integrally separated solutions. So there can only be one component. However in three dimensions, consider the system$$\documentclass[12pt]{minimal}
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Nonlinear Perturbations {#Sec8}
=======================

This section is devoted to study whether the trivial solution of a nonlinearly perturbed system with negative Bohl spectrum is asymptotically stable. Note that if the Sacker--Sell spectrum is negative, then nonlinear stability follows directly, but we will show below by means of a counter example that we cannot obtain such a result for the Bohl spectrum. Before doing so, we look at the example from Sect. [5.1](#Sec6){ref-type="sec"} with negative Bohl spectrum, and we prove that the system is exponentially stable for any nonlinear perturbation. Since the Sacker--Sell spectrum of this linear system is not negative, this shows that even in those cases, stability for the nonlinear system can follow. Despite the fact that negative Bohl spectrum does not imply nonlinear stability, in a forthcoming paper, we will discuss additional conditions on the nonlinearity that guarantee nonlinear stability for systems with negative Bohl spectrum, which include cases where the Sacker--Sell spectrum cannot indicate stability.

**Proposition 29** {#FPar41}
------------------
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*Proof* {#FPar42}
-------
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*Remark 30* {#FPar43}
-----------

Consider the linear system ([20](#Equ20){ref-type=""}) used in the above proposition, and let $\documentclass[12pt]{minimal}
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We now study an example for which the Bohl spectrum is negative, and there exists a nonlinear perturbation such that the trivial solution of the nonlinear system is not asymptotically stable. Let $\documentclass[12pt]{minimal}
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**Lemma 31** {#FPar44}
------------

Let (*x*(*t*), *y*(*t*)) be a solution of ([39](#Equ39){ref-type=""}). Then$$\documentclass[12pt]{minimal}
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*Proof* {#FPar45}
-------
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**Proposition 32** {#FPar46}
------------------

The Bohl spectrum of ([39](#Equ39){ref-type=""}) satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma _\mathrm{Bohl}\le -\alpha <0$$\end{document}$.

*Proof* {#FPar47}
-------
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**Proposition 33** {#FPar48}
------------------
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Note that in a forthcoming paper, we will discuss additional conditions on the nonlinearity that guarantee nonlinear stability for systems with negative Bohl spectrum, which include cases where the Sacker--Sell spectrum cannot indicate stability.
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